We predict glueball/oddball resonances lying on the pomeron/odderon trajectories. A simple new form of the trajectories, with threshold and asymptotic behaviour required by analyticity and unitarity, is proposed. The parameters of these (pomeron and odderon) trajectories are fitted to the data on highenergy elastic proton-proton scattering. The fitted trajectories are extrapolated to the resonance region to predict masses and widths of glueballs and oddballs.
Introduction
Regge trajectories α(t) connect the scattering region, t < 0, with that of particle spectroscopy, t > 0. Discussing Regge trajectories we use a single variable t for both its positive and negative range. In this way we realize crossing symmetry and anticipate duality: dynamics of two kinematically disconnected regions is interrelated: the trajectory at t < 0 "knows" its behaviour in the cross channel and vice versa. Most of the familiar meson and baryon trajectories follow the above regularity: with their parameters fitted in the scattering region they fit masses and spins of relevant resonances, see e.g. Refs. [1, 2, 3] . The behaviour of trajectories both in the scattering and particle region is close to linear, with parameters (intercepts and slopes) compatible with fits in the scattering region. This observation, combined with the properties of dual models and hadron strings resulted in a prejudice of the linearity of Regge trajectories, although it is obvious that resonances' widths on the one hand, and unitarity on the other hand, are incompatible with real linear Regge trajectories.
In this paper, we concentrate on the study of the pomeron trajectory with even C-parity, and its C-odd counterpart, the odderon trajectory. The nature of the odderon, and the behaviour of its trajectory, are still shrouded in mystery [4, 5, 6] . The experimental signatures of odderon exchanges continue to be hotly debated within the community [7, 8, 9] .
Besides numerous fits to known resonances, attempts to derive Regge trajectories from advanced theories such as supergravity [10] , lattice [11] , gauge/string duality [12] , etc. [13, 14, 15] were undertaken. Whatever sophisticated, these formal approaches did not resolve the problem of finite width of resonances.
Regge trajectories in the context of QCD were discussed in Ref. [16] . Spectroscopy based on Regge trajectories was extended to glueball and oddball states as well (see Ref. [17] and references therein). We do not specify the gluonic content of these states, calling glueball/oddball a presumed resonance made of an even/odd number of gluons, lying on the pomeron/odderon trajectory. These states may be more complicated hybrid states, containing also quarks and antiquarks.
From the simple, "canonical" pomeron trajectory [3] α(t) = 1.08 + 0.25t, the mass of the lightest glueball with J = 2 ++ is M = √ t = 1.92 GeV. Experimental evidence of this glueball state is so far missing. There are many alternative predictions, e.g. in Ref. [17] with more sophisticated derivation of the pomeron and odderon trajectories. Fits to scattering data leave little room for variations of the parameters (and predictions of glueball masses) and, what is more important, the real and linear trajectories do not contain information on decay widths of the glueballs.
The crucial role of the imaginary part of the trajectory, related to its analyticity properties were always implied, but the problem is still open. Disputed is even the sign of the curvature (convex or concave?) in the trajectories, see e.g.
Ref. [18] . Among first steps toward an explicit solution were made in Ref. [19] .
Analyticity and unitarity impose [20, 21, 22] 
Unitarity, analyticity and duality constraints on trajectories
Unitarity imposes [21] a severe constraint on the threshold behaviour of the trajectories:
while asymptotically the trajectories are constrained by [22] 
The above asymptotic constraint can be still lowered to a logarithm by imposing (see Ref. [23] and earlier references) wide-angle power behaviour for the amplitude.
The above constraints are restrictive but still leave much room for model building. In Refs. [24, 25] the imaginary part of the trajectories (resonances' widths) was recovered form the nearly linear real part of the trajectory by means of dispersion relations and fits to the data.
Models of trajectories satisfying constraints by unitarity, analyticity and duality [22] can be found in Refs. [26, 27, 28] .
While the parameters of meson and baryon trajectories can be determined both from the scattering data and from the particles spectra, this is not true for the pomeron (and odderon) trajectory, known only from fits to scattering data (negative values of its argument). An obvious task is to extrapolate the pomeron trajectory from negative to positive t-values to predict glueball states at J = 2, 4, ..., for which, however, no experimental evidence exists so far.
Given the nearly linear form of the pomeron trajectory, known from the fits to the (exponential) diffraction cone, little room is left for variations in the region of particles (t > 0). The non-observation so far of any glueball state in the expected values of spin and mass may have two explanations:
• Glueballs appear as hybrid states mixed with quarks that makes their identification difficult.
• The production cross section dσ/dt for glueballs is low, and their width is large.
To resolve these problems one needs a reliable model to predict cross sections and decay width of the expected glueballs, in which the pomeron trajectory plays a crucial role.
We continue the lines of research initiated in Refs. [29, 30] in which an analytic pomeron trajectory was used to calculate the pomeron-pomeron cross section in central exclusive production measurable in proton-proton scattering.
The basic idea in this approach is the use of a non-linear complex Regge trajectory for the pomeron satisfying the requirements of the analytic S-matrix theory and fitting the data.
Papers [29, 30] contain detailed analyses and fits of both the pomeron and non-leading (also complex!) Regge trajectories, the emphases being on the pomeron/gluon one. In the present study we revise the basic object, namely the model of the pomeron trajectory, postponing other details (secondary reggeons, CED etc.) to a forthcoming study.
The best way to recover the pomeron (and odderon) trajectory is by fitting high-energy elastic proton-proton and/or proton-antiproton scattering. Pomeron exchange dominates the diffraction cone, whose shape deviates from exponential in three cases: 3. The apparent slow-down of the exponential decrease of the cross section beyond t ≈ −10 GeV 2 is due to transition from "soft" to "hard" dynamics and it can be mimicked [32] by the gradual slow down (from linear to logarithmic) rise of the trajectories (pomeron and odderon) and/or by three-gluon (odderon) exchange [3] .
Whatever the details of the parametrization, the relative role of the odderon increases with |t| just because its slope is smaller than that of the pomeron trajectory. The odderon is barely visible near t = 0, causing endless disputes, but its role is crucial at the dip and remains important beyond it. This motivates our inclusion of the odderon in our fits to elastic scattering data, on the one hand, but, on the other hand, it enables us to make predictions concerning three-gluon (oddball) states.
Pomeron/odderon trajectories in Central Exclusive Production
Central exclusive diffractive (CED) production continues to attract the attention of both theorists and experimentalists, see e.g. Refs. [30, 33] and references therein. This interest is triggered by LHC's high energies, where even the subenergies at equal partition are sufficient to neglect the contribution from secondary Regge trajectories and consequently CED can be considered as a gluon factory to produce exotic particles such as glueballs.
Below we study CED shown in Fig. 1 with topology 4. Its knowledge will be essential in studies with diffractively excited protons, represented by topologies 5 and 6.
In 
The basic sub-process is pomeron-pomeron scattering, producing glueballs lying on the direct-channel pomeron trajectory, with a triple pomeron vertex.
Glueball towers, i.e. excited glueball states, called reggeized Breit-Wigner resonances, lie on this trajectory. Crucial for the identification of these states is knowledge of the non-linear complex trajectory, interpolating between negative and positive values of its argument. Its parameters are fitted to the scattering data. While the real part of the trajectory is almost linear, the recovery of the imaginary part, determining the widths of predicted glueballs, is a highly non-trivial problem.
In the present paper we continue the studies along the lines of Ref. [29, 30] by introducing a new model of the Regge trajectory, both for the pomeron and odderon. We first fit the parameters of those trajectories to high-energy elastic scattering data then extrapolate the fitted new trajectories to the particle region to predict the masses and widths of the glueballs and oddballs lying respectively on the pomeron and odderon trajectories.
Simple analytic Regge trajectory
What is the simplest ansatz for a Regge trajectory satisfying the following constraints:
• threshold behaviour imposed by unitarity, Eq. (1),
• asymptotic behaviour constrained by Eq. (2),
• yet compatible with the nearly linear behaviour in the resonance region (Chew-Frautschi plot)?
Attempts and explicit examples can be found in a number of papers, see e.g.
Refs. [29, 30, 34] and earlier references therein.
The trajectory:
where t 0 = 4m 2 π for pomeron and t 0 = 9m 2 π for odderon and δ, α 1 , α 2 are parameters, real and of positive value, to be fitted to scattering (t < 0) data with the obvious constraints: α(0) ≈ 1.08 and α (0) ≈ 0.3 (in case of the pomeron trajectory). Trajectory Eq. (3) has square-root asymptotic behaviour, in accordance with the requirements of the analytic S-matrix theory.
With the parameters fitted in the scattering region, we continue trajectory Eq. (3) to positive values of t. When approaching the branch cut at t = t 0 one has to choose the right Riemann sheet. For t > t 0 trajectory Eq. (3) may be rewritten as
with the sign "minus" in front of α 2 , according to the definition of the physical sheet.
For
|t|. For t > t 0 (on the upper edge of the cut),
The intercept is α(0) = 1 + δ and the slope at t = 0 is
To anticipate subsequent fits and discussions, note that the presence of the light threshold t 0 = 4m 2 π (required by unitarity and the observed "break" in the data) results in the increasing, compared with the "standard" value of about 0.25 GeV −2 , slope.
The crucial task, on which glueball (and oddball) predictions are based is the correct fit of the pomeron (and odderon) trajectory to the data. The most direct and reliable way to determine the free parameters of the pomeron (and odderon) trajectory is fitting the high-energy elastic nucleon scattering data.
The LHC data on proton-proton scattering, dominated by pomeron exchange, are the best for this purpose. At LHC energies the contribution of secondary trajectories is negligible [34] .
The situation, however, is not that simple. The smooth, nearly exponential small-|t| part of the cone (|t| ≤ 0.3 before the dip) at the LHC is too short to fit the trajectory and provide its reliable extrapolation to large positive values, where glueballs are expected. Fits in this limited interval are under control, and the small deviation from an exponential of the cone can be parametrized by a pomeron exchange within the simple Donnachie-Landshoff model [3] , see next section, where the resulting trajectory inherits the curvature, called "break" seen both at the ISR and LHC near t = −0.1 GeV 2 .
Single pole Regge fit to low-|t| elastic scattering data
In this section we introduce a simple single pole (SP) Regge model and fit its parameters to the LHC TOTEM 13 TeV low-|t| elastic proton-proton scattering data.
High-energy elastic proton-proton scattering data, including ISR and LHC energies, were successfully fitted with non-linear pomeron trajectories in number of papers (see Ref. [31] and references therein). Since here we are interested in the parametrization of the pomeron trajectory, dominating the LHC energy region, we concentrate on the LHC data, where secondary trajectories can be completely ignored. Here we include the pomeron contribution only.
Thus the amplitude in the SP model:
Using the norm,
we fitted the TOTEM 13 TeV elastic pp differential cross section data [35] in To restore the trajectory in a wider interval (interesting from the point of view of glueballs!), the influence of the low-|t| "break" must be compensated by fits to the larger |t| region, that beyond the dip. We do it in Sec. 6 by using a dipole (DP) model that proved to be efficient in earlier studies [34, 36, 37] .
The SP model is applicable only at low-|t|, to reproduce the higher-t features (dip-bump) of the experimental data a more developed model is required which includes also the odderon as its relative contribution increases with momentum transfer [3, 34] . The presence of an odderon exchange allows us also to make predictions for the oddballs. In order to recover the pomeron and odderon trajectories in a widest possible interval of t, we fit the data including also the dip-bump structure present in proton-proton scattering near t ≈ −1.3 GeV 2 at the ISR energies and arriving at t ≈ −0.5 GeV 2 at the LHC.
At LHC energies, the pomeron and its C-odd counterpart, the odderon, entirely dominate [34] , however, to be consistent with the lower energy data, particularly those from the ISR, we include also two secondary reggeons (f and ω) in the fitting procedure.
A possible alternative to the simple Regge-pole model as input is a double pole (double pomeron pole, or simply dipole pomeron, DP) in the angular momentum (j) plane [34] . It has a number of advantages over the SP model.
In particular, it produces logarithmically rising cross sections already at the "Born" level.
As already mentioned, the pomeron is a dipole in the j−plane
Since the first term in squared brackets determines the shape of the cone, one fixes
where G(α P ) is recovered by integration. Consequently the pomeron amplitude
Eq. (8) may be rewritten in the following "geometrical" form (for details see
Ref. [37] and references therein):
where r 2 1P (s) = b P + L P − iπ/2, r 2 2P (s) = L P − iπ/2 and L P ≡ ln(s/s 0P ). In earlier versions of the DP, to avoid conflict with the Froissart bound, the intercept of the pomeron was fixed at α P (0) = 1. However later it was realized that the logarithmic rise of the total cross sections provided by the DP may not be sufficient to meet the data, therefore a supercritical intercept was allowed for. From the earlier fits to the data the value δ P = α P (0) − 1 ≈ 0.04, half of Landshoff's value [3] follows. This is understandable: the DP promotes half of the rising dynamics, thus moderating the departure from unitarity at the "Born" level (smaller unitarity corrections).
As in Ref. [34] , we assume that the odderon contribution is of the same form as that of the pomeron, implying the relation A O = −iA P and different values of adjustable parameters (labeled by subscript "O"):
where 
A ω (s, t) = ia ω e −iπαω(t)/2 e bωt s/s 0
with α f (t) = 0.703 + 0.84t and α ω (t) = 0.435 + 0.93t.
While the Pomeron and f -reggeon have positive C-parity, thus they enter to the scattering amplitude with the same sign in pp andpp scattering, the Odderon and ω-reggeon have negative C-parity, entering in pp andpp scattering with opposite signs. The complete scattering amplitude used in our fits is:
We use the norm where σ tot (s) = 4π s mA(s, t = 0) and dσ el dt (s, t) = π s 2 |A(s, t)| 2 .
The parameter ρ(s), the ratio of the real and imaginary part of the forward scattering amplitude is
The elastic cross section σ el (s) is calculated by integration
whereupon σ in (s) = σ tot (s) − σ el (s).
Formally, t min = −s/2 and t max = t threshold , however since the integral is saturated basically by the first cone, we set t max = 0 and t min = −1 GeV 2 .
The free parameters of the model defined by the formulas Eqs. (10) (11) (12) (13) (14) (15) (16) were fitted simultaneously to the following dataset:
• TOTEM 13 TeV elastic pp differential cross section data [38] in the interval 0.03 |t| 3.8 GeV 2 ;
• ISR 52.8 and 62.5 GeV elastic pp differential cross section data [39] in the interval 0.01 |t| 10 GeV 2 ;
• pp total cross section and ρ parameter data [35, 40, 41, 42, 43, 44, 45] in the interval 10 √ s 13000 GeV.
Our main aim was to obtain the values of the parameters of the pomeron and odderon trajectories. The intercepts can be determined from the pp forward (t = 0) data, while to determine the slope we needed a fit in high |t|-ranges, thus we chose the two highest ISR energies and the very precisely measured new LHC TOTEM 13 TeV pp differential cross section datasets for this purpose.
The fit was done with MINUIT2 and MIGRAD algorithm. The values of fitted parameters and the fit statistics are shown in Table 2 . Similarly, as in Ref. [34] , to decrease the number of fit parameters, we have fixed some of them: (from linear to logarithmic) rise of the pomeron and/or odderon trajectories [32] , however, this is beyond the scope of the present study. 
Pomeron-pomeron and odderon-odderon total cross sections
In Ref. [29, 30] the resonances' contribution to pomeron-pomeron (PP) total cross section was calculated from the imaginary part of the amplitude by use of the optical theorem
Considering only the pomeron component, Eq. (19) reduces to
where k = f P (0), and, for simplicity here we set k = 1. The numerical value of the prefactor a in Eq. (20) is 1 GeV −2 = 0.389 mb.
We use the same formula Eq. (20) for the odderon component of the odderonodderon (OO) total cross section changing the indexes from "P " to "O".
Preliminary results on pomeron-pomeron total cross section, Fig.7 , using the new trajectory, Eq. (3), were presented in Ref. [46] . In this work we start by investigating the resulting glueball/oddball spectra in two ways: first we plot the real and imaginary parts of the trajectories (Chew-Frautschi plot) and calculate the resonances' widths by using the relation (see:
e.g. Eq. (18) in Ref. [25] )
where α (M ) = dReα(M )/dM . Then we calculate the pomeron/odderon component of the PP/OO total cross section by using the Breit-Wigner formula, Eq. (20).
Glueballs
With sets of parameters, taken from the fits of both SP and DP models, we extrapolate the pomeron/glueball trajectory to the resonance region. In the resonance region by realizing crossing symmetry t becomes s giving the mass squared M 2 of the resonances. The real and imaginary parts of the pomeron trajectory obtained by the SP and DP fits are shown in Figs. 8 and 9 . Fig. 8 shows also the predicted glueball states (with their widths) lying on the pomeron trajectory. The t-dependence of the slope of the pomeron trajectory is shown in Fig. 10 .
One can see that the widths of resonances are not the same for SP and DP fits. The advantage of the DP model that it is applicable in a broader t range and gives the possibility to predict also the oddball states. However, the DP produces a faster growth for the slope of the trajectory than that of the SP model, which originally should be almost constant.
The predicted pomeron component of PP total cross section both for SP and DP model cases are shown in Fig. 11 . both for SP and DP model cases.
Oddballs
Oddballs, resonances made of three gluons, have the same right of existence as glueballs made of two gluons. Oddballs are expected to lie on the odderon trajectory exactly in the same way as glueballs lie on the pomeron trajectory.
The problem is that the odderon contribution to proton-proton and proton-antiproton scattering in the nearly forward direction is suppressed at least by an order of magnitude with respect to that of the pomeron.
Anyway, one may try, given the existing parametrization of the odderon.
They are available e.g. in [31, 34] , where, however, for simplicity a linear trajectory (uninteresting for the present purposes) was used. Above we presented an update of the fits of Refs. [31, 34] with the threshold singularity included in the odderon trajectory. Note that in the case of odderon exchange the lowest threshold is at t 0O = (3m π ) 2 , and not at (2m π ) 2 as in case of the pomeron.
In predicting masses and decay widths of oddballs lying on the odderon trajectory, we use the result of our fit presented in Sec. 6, in Tab. 2.
The real and imaginary parts of the odderon trajectory are shown in Figs. 12 and 13. Fig. 12 shows also the predicted oddball states (with their widths) lying on the odderon trajectory. The energy dependence of the slope of the odderon trajectory is shown in Fig. 14. The predicted odderon component of OO total cross section is shown in Fig. 15 . 
Conclusions
We have presented a new, simple model for Regge trajectories satisfying threshold behaviour required by unitarity and asymptotic behaviour compatible with the bounds imposed by analyticity and duality. The trajectory models the pomeron and odderon. It has only three free parameters. One of them (δ) is uniquely related to the intercept while the other two (α 1 and α 2 ) mainly define the slope of the trajectory. These parameters were fitted to the high-energy proton-proton scattering data. We have performed two fits: one to the LHC data at low-|t|, below the dip, appearing near |t| ≈ 0.5 GeV 2 and another one, including all available data, i.e. up to |t| ≈ 10 GeV 2 . The first fit has the advantage to follow the simple Donnachie-Landshoff model (a single power), however it is strongly affected by the "break" near |t| ≈ 0.1 GeV 2 .
The subsequent (beyond the break) nearly linear behaviour of the trajectory (and exponential cone), was restored in our second fit to the data on the diffraction cone which included also the high-|t| regions. The cone is interrupted by the dip, but structureless beyond the dip. Note that while the "break" comes mainly from the trajectory, the dip-bump structure is a property of the ampli-tude rather than of the trajectory. By using a successful model for the amplitude producing the dip and bump, independent of the form of the trajectory, we have a chance to restore the trajectories (of the pomeron and odderon) in a wide span of t.
Interestingly, as it was shown in our recent paper [34] in the second cone (beyond the dip-bump) the odderon takes over the pomeron, compatible with
Landshoff's idea [47] about three gluon exchange at the second cone.
Towards largest available values of |t| the exponential decrease of the cross section tends to slow down toward a power behaviour corresponding to the onset of the large-|t| logarithmic asymptotics of the trajectories producing wide-angle scaling behaviour of the cross sections [23, 32] , that goes beyond the scope of the present paper.
More relevant for future studies is the possibility to apply the new trajectory Eq.
(3) to ordinary reggeons and known mesons and baryons.
Given the nearly linear behaviour of the pomeron (and odderon) trajectory (constrained by the observed diffractive peak), at low and moderate values of its parameter, the predicted masses of glueballs (and oddballs) are consistent with similar predictions based on linear trajectories. Non-trivial are predictions of glueballs' (and oddballs') widths. Our Fig. 11 shows that even small variations of the parameters in the trajectory result in noticeable changes of glueballs' widths.
Finally, let us stress that the new trajectory is an important building block in the CED program to be continued along the lines of paper [29, 30, 48] , see the Appendix.
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Appendix
For sufficiently large rapidity gaps the cross sections may be written as [48, 49] ,
e 2[α(t)−1]∆y · κβ 2 (0) s s 0 ,
where t is the square of the four-momentum-transfer at the proton vertex and ∆y is the rapidity gap width. The variable y 0 in Eq. (23) is the center of the rapidity gap. In Eq. (24), the subscript i = 1, 2 enumerates pomerons in the DPE event, ∆y = ∆y 1 + ∆y 2 is the total (sum of two gaps) rapidity-gap width in the event, and y c is the center in η of the centrally-produced hadronic system.
Eqs. (22) and (23) , and for DPE ξ = ξ 1 ξ 2 = M 2 /s. The pomeron-proton (P -p) coupling , β(t), is given by:
where β(0) = 4.0728 √ mb = 6.566 GeV −1 and F (t) is the residue function, that in Ref. [48] was identified with the proton form factor:
An alternative was advocated in [31] . The right-hand side of Eq. (26) is a doubleexponential approximation of F 2 (t), with a 1 =0.9, a 2 =0.1, b 1 =4.6 GeV −2 , and b 2 =0.6 GeV −2 . The term in curly brackets in Eqs.(22)-(24) is the P -p total cross section at the reduced P -p collision energy squared, s = s · e −∆y . The parameter κ is set to κ = 0.17 [48] , and κβ 2 (0) ≡ σ 0 , where σ o defines the total pomeron-proton cross section at an energy-squared value of s 0 = 1 GeV 2 , is set to σ 0 = 2.82 mb or 7.249 GeV −2 .
